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HYDRODYNAMIC INTERACTION OF TWO IDENTICAL LIQUID SPHERES
IN LINEAR FLOW FIELD"

A.Z. ZINCHENKO

In guasi-stationarly Stokes equations, the hydrodynamic interaction of two identical
free of external forces fluid spherical particles is considered in linear flow field
of arbitrary type. Numerical results are given about the particles relative veloc-
ity and intensity of force dipoles on spheres. Close-by and remote asymptotic ex-
pansions of respective hydrodynamic functions are obtained. The results are of
interest in the structural rheology of emulsions.

Earlier, the hydrodynamic interaction of two solid spheres was investigated in linear
flow field /1— 4/, as well as that of two drops in a medium which away from the particles is at
rest. The used here investigation methods are similar to those defined in /5—8/.

1. Statement of the problem. Consider two free of external forces liquid spherical
particles of radius a and dynamical viscosity p’submerged in an incompressible fluid of vis-
cosity p,. The application of quasi-stationary Stokes equations is assumed inside the drops
and in the external medium. As the boundary condition on the surface of spheres, we take the
impenetrability of the liquid, and continuity of tangential stresses. The surface tension at
the interface is assumed fairly large, which permits the neglect of particle deviation from
spherical and not consider the boundary condition for normal stresses. The surrounding flow
field is of the form

Vo=vVo+ 2 Xxx+E.x (v, R, E=const)

where Q, E are, respectively, the vorticity and the tensor of deformation rate of the unper-
turbed flow; and vector x is drawn from the coordinate origin (see Fig.l). The velocities of
transfer of spheres are determined by the condition of hydrcdynamic forces being zero. The
equality of bieng zero of the moments of forces relative to the center of particles is satis~-
fied automatically /7/.

According to the method /9/ for the application of this problem to the calculation of the
mean stress in a monodisperse emulsion it is necessary to determine the velocity V of motion
of sphere 1 relative to sphere 2, and, also, of the dipole force on sphere 1

S = §{(@n)1 2 — = 810 (00-%) — e 0y1c + viny} S (1.1)

S

where §,,n is the sphere surface 1 and the external normal to it; v is the velocity of fluid;
and vector of stresses o, is calculated on the outside of the surface /9/. Under conditions
of the sphere free motion, the following general representations are valid /9/:

V=11Q@ Xp+ (1 —B)E.p+ (B— A4)(p-E-ppl (1.2)
S =4,n0° (2 + 50)(1 4+ M), {(1 + K)E + [(E-p)p +
p (E-p)IL + (p-E-p)lppM — (/oL + M1}, & = p'/p,

where ! is the distance between the centers of spheres, p is the unit vector of the line of
centers, directed from sphere 2 to sphere 1, I is the unit tensor. The basic aim of this work
is the calculation and investigation of scalar functions A4, B, K, L, M defining the interaction
between spheres dependent on A, e (ea is the clearance between spheres). It suffices to con-
sider three separate prcblems (the system of coordinates &, T3 Z; is introduced, as shown in
Fig.1l).

Problem 1. v, = (E;;#;,— E;3%,, 0). The stream does not act onthe spheres. The solution
yields the value of K.
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Problem 2. ve = (Gzy, 0, 0). The shift field gives rise to sphere velocity (=xV,, 0, 0).
The solution yields values of B and K + L.

Problem 3. vo = (—Y,Es2;, —3E sy, Essts). Under the action of this deformation axisym-
metric flow, the spheres acquire the velocities (0,0, £V,*). The solution provides the pos-
sibility to calculate A and K + ¥,L 4 ¥, M.

Note that the used here methods of investigation of problems 1 and 3 are simpler than the
application of general representation /1/ of solution of Stokes equations in bispheric co-
ordinates.
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2. Solution of problem 1. We apply the method of multiple reflections, similarly to
/8/, which is equivalent to the construction of the exact solution. We pass to dimensionless
variables normalizing the velocities with respect to E,;;l, and lengths to [l. We seek the veloc-
ity field in region e (between spheres) in the form

v'=vm+v*+v*“', v, vE* s () (|xl—’°°)

The boundary conditions for v*are as follows: the field v. 4 v*(v¥) has zero normal com-
ponent on the sphere 1 (2); inside the sphere 1 (2) we have a Stokes flow which has at the
boundary the same velocity and tangential stress as the field V. -+ v*{v*). To formulate bound-
ary conditions for v**we change the places of spheres. It is sufficient to consider field v*
which we seek by the method of reflection in the form

vé = 3 (vEHL L B (2.1
K=1

Each field v"’ satisfies the Stokes equations and is reqular everywhere outside the -
the sphere and vanishes at infinity.
The calculations are carried out in succession

3, 141 LA L (2.2}

+1,
—-)V:_‘ J+l—>

vil=v v
where the initial v!* = v,, and v{""’/(j>>1) denotes the expansion of field Vv’ in the
neighborhood (i 4+ 1) -st sphere (indices ¢, { + 1 are deduced in modulo 2). The transition from
v?? to vi/ is determined by the boundary conditions, as in /8/.
We introduce two spherical systems of coordinates (ry, 0,, ¢,), (T3, 05, ®3), as shown in Fig.l.
Angle ¢; corresponds to positive direction of rotation around the axis gz (9, = —@, = ¢). Using

the Lamb general solution of Stokes equations, we represent the sought field in the form

(2.3)

Wy ‘ v, kE3VEIE) ey’
Vilz Z [rot(rixk") -4 VDy s Tk 4 1) (2k + 3) %1 .\

py’ =tAk ' cos2¢;, Dy’'= LBy’ cos2g;

ael=tCk?sin2q;, §==r{P}(cosh)

-
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where k =n for field v}’ and k= —(n -+ 1) for vh4 P2 is the adjoint Legendre function.
The selection of special form of spherical harmonics is dictated by the form of V..
As in /8/, the formulas of transition from v;' to v"?! are of the form

= sy G, =4 (2.0
R n{Zn —1) i, 3 _gnsi 2, 1 20e1
A,4ﬁ;=“m{ A L 24 A (20 + 1)) Bye }
2, 341 n 2—-22r4-1) 4, i,
B =3 TN { T L3y An @ — A(@n —1) By “2““}

For representing fields v’ in the form v‘””

have the relations

in the neighborhood of (i + 1) sphere we

{n -+ mi!

A=) A, = (2.5)

me==p

1§ d 2 i ¥
Citl = Z [WE:TA-(;A) + nzi en 1(3»»1)]

41, —gne1) | {n—2}{im —2) (n — 1) — (m - §}] &
By J-Z{m@m:‘l){ n{on — 1) -

m -

gn } + g:nnB—(m«n) + S En C~(m+l)}

The initial condition vi® = v, yields
A =C0 =0 (n>2), B =1 BM=0 (n>3) {2.6)

Using (2.1}~ (2.6) it is possible to determine v*and, by changing the places of spheres,
also, v**, For the resulting field v° the stress vector on sphere 1 is determined using gen-—
eral formulas /10/. <Calculating integral (1.1), we find

A2k R

K= ‘4112(-4””'%-433") (2.7
~8 el

Analytic calculation of the first reflections using the scheme (2.2)- {2,7) yields the

distant asymptotic representation

2 245 [A—1 |, 24T
. a5+3(i+1)[h+4+8“+M]a8+0(a1"), a—0 (2.8)

Ths subsequent reflections give

K=—

K= 3 co(2a)" (co=Cy==cy==cp=0) (2.9)
n==5

The coefficients ¢, (M) at nr <172 were calculated using scheme (2.2)= (2.7) on a com-
puter, similarly to /8/.

Computation has shown a satisfactory rate of convergence of series (2.9) for any A even
for touching particles. For example, for A=oc and &£ =0 the calculated with the use of
(2.9) for n{ 76 and n < 172 the values of K were, respectively, —0,04717 and —0,04721, and

were to the third digit the same as those /4/ obtained by

Table 1 exact solution in tangentially spherical coordinates.,
The values of — K X 10* are shown in Table 1. For
A £t 025 | o1 | o0t o ¢ > 1 and A >» 0.5 the relative error of formula (2.8) does

not exceed 0.6%,

0.5 27 113 | 161 | 204 | 200 For A =0 it is possible using {(2.4) and {2.5) to
1 40 166 | 234 | 292 | 299 obtain
SRR
b by m-—l 2m-1
10 7t 275 | 3713 | 450 | 459 P = had =1
o0 77 | 200 | 380 | %63 | 472 (r—=1)(n+2) Z —‘“""““(n-;— = ™ (2.10)

n>»2,j>1
Y= —1)(n +2) B'-’+£':-2"+"‘-).A'J +(n 1) (n—2)CJ
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From (2.4}, (2.6), (2.7) and (2.10) follows the unexpected vanishing of all coefficients
¢, and function K when i = 0.

3. Solution of problem 2. ror the construction of exact solution with some simpli-
fications we apply the method of /7/. We introduce the bispherical coordinates ¢, W, linked
with the cylindrical coordinates p, z by the relations

cshn csing

=Tw—w P = maog P=cost -4
The spheres 1 and 2 are coordinate surfaces m =, > 0 and m = —0,, respectively, if

we set ¢hn; =1 4 /2, ¢ = ashn,. Satisfying Stokes equation rot (Av) = 0, we seek the cylind-
rical velocity components in the region between spheres and inside them of the form

vp =V, (pFlc + ¥ + ¢) cos @ (3.2)
Vo =Vi(x —¥)sin ¢, v, =V, (zF/c + 2®) cos ¢

A=L2MPAW):  P=C I M) Pa(w)  {=(chn— )"

where P,™(u), P, (1) are, respectively the Legendre adjoint function and polynomial, and fa, @ms
¥n» Pn are linear combination of functions exp [(n + Y)nl, exp [— (2 + Y, n]l. Using the transforma-
tion
3@+ Dfa=Cr+Da,+2(m+2p, +2(n— D, (3.3)
6 (20 + )gn = —(2n + 1) ap — (20 + 7) By — (20 — 5) 7,
6(2n + )by = —(2n + D n(n+ 1) og— (n + 1) (n + 2)-
2n+3)p,—n(n—1)2n—1)1y,

we introduce the additional functions ag,, By Vn -
The difference form the case in /7/ is stipulated by the symmetry of the problem and the
inhomogeneity of the surrounding flow. We set

@,* = 21, sh (n + V) n + 2, (3.4)
(Ba' 1a%) = 2(La" N sh (n + Yy) § — ¢,

@n° = 2B, ch (n + V), fo* = Cosh (n + ¥y q

(an‘v ﬁnl' Yn‘i q)ni) = (:tjnv lth iNm Bn) exp [""'(n + 1/2)| n ”

Vo= = V2 (Ge/V,)(2n + 1) exp [— (n + V,) | n |] sign q

The indexes e, i(i = 1,2) denote magnitudes related to regions shown in Fig.l; the upper
sign corresponds to i =1, the lower to i = 2. The inhomogeneous terms in expressions Ffor
an’s Ba’y Vo' » after substitutions into (3.3) and, then, into (3.2), yield the unperturbed flow

v.; the perturbation of velocity, determined by the additional terms, vanish at infinity.
Now for the construction of difference equations, defining the eight independent sequencies
Jnby Jay -« o» Bn® By, the results of /7/ are directly applicable. The solenoidality of flow 1in
all regions with allowance for the continuity of velocity, and also the boundary conditions
of impermeability constitute a system of three linear equations for J,% Li., Ni., (the second
of relations (1.8), the second of egqualities (1.10) and relation (1.12) for i=1,8;, =1 of
/7/) from which we cbtain the formulas for the unknowns in temms of Bp\ Bpn(rn -1 im<n +

1). As the result, formulas (3.3) yield the representation of /% ¥.*» ¥,° in terms of By,
Bn (n—2< m<n+2); a similar representation of f,,, %u ¥’ in terms of basic variables
B.‘and B,, are obtained form the conditions of velocity continuity (formulas (1.9) of /7/).
Further, a suitable transformation of boundary condition of continuity of tangential stresses
is provided by the expression C,'in tewms of B,% Bn,(n —1 < m<r+1) (used below for cal-
culating (3.5) and (3.6)) and reduce the problem to two difference equations of fourth order
in B,* and B, (formulas (1.19) and (1.16) of /7/ for i=1,8, =1, A, = A).

For arbitrary value of V, the only nonzero components z; of forces acting on the spheres
are of the form

¢np,aV15h‘q14ﬁ"2|l"("+ 1) ca (3.5)

Equating (3.5) to zero we obtain the relation between V, and G and by the same token
function B. Integral (1.l) for &,;, by virtue of symmetry and the Gauss— Ostrogradskii the-
orem, is equal half of the corresponding integral over the sphere of large radius with the
center at the coordinate origin. The behavior of flow, as |x|—>oc0 can be established from
(3.1)~— (3.4), taking into account the equation of continuity and the fact that forces and
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their moments are equal zero. Thus, under conditions of free motion, we obtain

Vit -
S;3=_M2(2n+i}n(n+i)cé (3.6)

n=}
Table 2 Table 3
% e=t | 025 0.1 001 | 10~ S =11 0,28 6.1 0,0 | t6
' N | d| | ot ud || | )

754 | 885 | 974 984 2 5

0.5 | o | o7 | 39| 411| 420 0.5 | 8842 | 6676 | 5207 | 2303 | 384
44 744 | 783 8231 828 1095 | 3127 | 4620 | 7739 [ 10457
1 | o7 303| 45| 670| 685 1 | 8668 | 6215 | 4501 | 1862 | 226
444 | 6ot | 725| 73| 735 1241 | 3450 | 5018 | 7942 | 9895
2 | 136 | 58| 87| 97| 1014 2 | 8493 | 5743 | 3978 | 1330 | 130
473 | 661 | 650 | 614| 608 1393 | 3825 | 5457 | 8137 | 94u2
5 | 177 | 750 | 1000 | 1434] 1488 5 |8315|5252 | 3347 | 82| 62
500 | 64| 537 | 408| 383 1552 | 4235 | 5060 | 8381 | 9231
10 | 197 | 853 | 1268 | 1749| 1843 10 |8233 | 5021 | 3040 | 641 | 35
511 | 583 | 458 | 235| 180 1626 | 4438 | 6218 | 8522 | 9155
107 223 | 1001 | 1556 | 2461| 3158 o0 8133 | 4733 | 2676 | 381 4
524 | 527 | 312 | 220|744 1717 | 4698 | 6558 | 8731 | 9100

The sums of series (3.5) and (3.6) were determined numerically over the limits of recur-
rent sequencies, as in /7/. For each A, & pair a column of guantities B.10%, —(K + L)-10¢
appears in Table 2. The calculations were carried out on a computer with doubled accuracy,
which is essential for the passing to limit, as A-—»> oo and small & for A = oo the proposed
here method is directly inapplicable /7/. 1In the case of solid spheres a number of values of

M, /1/ the function B (e) (e = 2 (chn, — 1)) is tabulated in /4/. It proved that for the same
W; and A= 107 the calculation of B by the proposed method yields a complete coincidence
with /4/ up to e = 0,0006; simultaneously, this method substantially differs from the method

of calculation for the solid spheres /1/.

The recurrent formulas /8/ of the method of reflection permit to obtain remote asymptotic

representations

8\ (14 24)
=-armary ¢ +06) (3.7)
248 8 (24 5h)
KL=t ar g Bhoory CHBE o0 0

where the first term of asymptotics K4 L corresponds to results in /9/.

It would be possible to improve formulas (3.7) by supplementary reflections, however the
experiment /8/ shows that in this problem when A3 1,21 it is difficult to obtain sufficient
accuracy owing to slow convergence, hence in the calculationof Band K+ L a more universal
method /7/ was applied. At the same time by the method of multiple reflections it is possible
to prove the unexpected equality B =0 when A=0. The theorem of reciprocity /10/ shows that
the equality B =0 is valid if harmonics p.; are absent in Lamb representation of the velocity
field near the spheres during their instantaneocus normal motion to the line of centers in the
quiescent at infinity medium. The absence of these harmonics when A= 0 can be established
using recurrent formulas /8/ by obtaining relation of the type (2.10).

The analysis of particle trajectories is outside the scope of this paper. Wewouldonly
point out that integrals of relative motion /4/ and the equality B =0 when A=0 shows that
the region of closed relative trajectories of centers of the two spheres in the steady shear
flow in which the conjugate function of distribution is not detemmined by simple considera-

tions /9/ which for small A proves to be considerably "finer" than for solid spheres /4/, and
vanishes completely for i=0.

4. Solution of problem 3. Using the general solution /11/ of the Stokes equation
for the styeam function ¥ in coordinates £,m, and, also, the symmetry of the problem and
the regularity of flows inside the spheres we have

Y=/ 2 (chn—p)*t D n(n+ 1), () Qn (1) 4.1}

fe=f

G (1) = Pusa (1) — Pacy (W20 + 1)
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Yo' = {dpexpl—(n =) [n |} = Byexp [~ (rn + %) Inii}
' = cEyshnexpl—(n 1) Inil+ Frsh(n —Yydn = Hyshin — " 0y

The upper sign corresponds to { = 1, the lower to the case of i= 2. The first term of
expression for 1, after substitution in the series /4/ yields the stream function Y. =
—1, Eyp®2 of the unperturbed flow; the additional terms define the velocity perturbation van-
ishing at infinity.

The first relation of (4.1} has formally the same form as that for motion of drops in
medium quiescent at infinity, which permits the boundary conditions to be written using the
results in /5,6/ in the form

P = Pp' = Ry, dpp/dn = dip, ey (4.2)
2 (P’ — Rp)dn® = Ad? (P! — Rp)idn®, m =y

_Vu* [exp[—(n—'9) exp [— (n +4-55) 1]
Rn(n)~—%-{ o — 1 = — 2r§.+3/ }

According to /11l/ the hydrcdynamic forces are

o

Fitae — Fyfem —bnpge 3 nin 4 0)(F, + Hy) (4.3
n=1

Independent of (4.3) being zero, the integral (l.l) for S33 can be calculated using the
method as in Sect.3

33,-=—Ef-§fiin(n+i) E(n-——%-—}F,,—i—(n—;——z-)Hn} (4.4)
ne=l

Taking intc account the linearity of the problem and the theorem of reciprocity /10/, we
can write

Fif= — bapea [Vi* (2A4; — Ayg) — IEpD/2] 4.5}
Ssa = Yaupa® (2 -+ 58) (1+ MTE T — 2ap,alV,*D

where Ay, Az are the coefficients of resistance /8/ defined by infinite series /5,6/. The
explicit expressions can be achieved for coefficients D (A, e), T () €) in terms of infinite ser-
ies with the help of (4.1)— (4.4). The respective formulas however, are unwieldy, and are
not presented here.

In Table 3 for each pair of A, ¢ appears a column of quantitids (1 — 4)-10%, and (K —
4/.L + 2/,M)-10%, obtained using {4.5) and (1.2). Numerical results are supplemented by remote
asymptotic representations, cobtained by the method of reflections

245 124 (1 + 24) (2 4 502
T EEamarn e A ® T 0 e) (@.e)

4 2 2 4= DA 126 2 -+ SA)2
Kt+5LtsM= 1’:‘; @ — 20+ ‘““4'4)1 b + O(a?)

A ==

The terms of order o correspond to results in /9/. For solid spheres the second term
of the asymptotics of A is incorrect in the translation {and does not agree with (4.6) for
A= o), the correct formula appears in the original /4/.
The near asymptotics of functions 4, K + ¥/,L + %3M can be obtained from (4.5). When
g <€ 1 coefficient A, is close to its limit value /6/ for touching spheres, As shown by the
analysis of numerical data, the quantity T differs from its limit value I'* by O (&) uniformly
over A, for =0 and A= co the coefficient D(e) has definitely a finite derivative when
e = 0, while for 0 << A<C oo it differs from this limit value D* in any case by o(]/-a-). The
guantities I*, D* were obtained by numerical estimates. Using asymptotics /8/ for Ay, we
have for fixed A< o®

14 (Ar—3) 4.7
m—ﬁ[m‘*" ket b + o)

K+-—43—-L+—§-M==I‘*—1—-§2;_f-:-'5*%-’:-)—(1—A)+0(e), e—0

The values of D¥*, by, T'* — fare adduced below:

A =0 0.5 H 2 5 10 oo
D* =1,097 1,321 1.450 1.596 1.772 1.870 2.039
by == 0.847 0,771 0.559 0.021 -0.212 11.009 —

T¥e-i = 1.4041 1.0863 1,0175 0,9647 0,9303 0,9196 0,9104
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It follows from (4.7) that K 4+ %sL 4+ *sM has an infinite derivative when ¢ =0, if
A<l 00,

The asymptotics for A, /8/ and formula (4.7) for 1— A are nonuniformly suitable as
A—oo. In region A3x1, e<1 a rough but uniformly suitable estimate of 1— A can be obtained
using formula /12/

Ay 2=2Yf (p) &3, p=22Ve

where the functional § is defined in /12/.

When A< oo and e—0, function (1 — 4)! has an integrable singularity, in consequence of
which a coagulation of fluid spheres is possible under the action of macroscopic deformation.
However even in strong flows the system of spheres may remain stable owing to the forces of
repulsion between the two electric layers of the particle surfaces. Owing to the small action
radius these forces can be modelled by contact forces only hindering the coagulation. In such
models under the action of strong macroscopic flow there occurs a temporary formation of
doublets, and for the determination of mean stress in the system of liquid spheres it is nec-
essary to determine the volume /9/ as well as the surface probability density for the vector
separating the centers of the two particles.

The author thanks A.M. Golovin of the constant interest in this work.
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